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Abstract

The central messageof this paper is that nobody should be using the sample
covariance matrix for the purposeof portfolio optimization. It contains estima-
tion error of the kind most likely to perturb a mean-variance optimizer. In its
place, we suggestusing the matrix obtained from the sample covariance matrix
through a transformation called shrinkage. This tends to pull the most extreme
coe�cien ts towards more central values, thereby systematically reducing estima-
tion error whereit matters most. Statistically, the challengeis to know the optimal
shrinkageintensity, and we give the formula for that. Without changing any other
step in the portfolio optimization process,we show on actual stock market data
that shrinkagereducestracking error relative to a benchmark index, and substan-
tially increasesthe realized information ratio of the active portfolio manager.

� Phone: +34-93-5422552,Fax: +34-93-5421746
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1 In tro duction

Sincethe seminalwork of Markowitz (1952), mean-varianceoptimization has beenthe
most rigorous way to pick stocks in which to invest. The two fundamental ingredients
are the expected(excess)return for each stock, which represents the portfolio manager's
abilit y to forecastfuture price movements, and the covariancematrix of stock returns,
which represents risk control. To further specify the problem, in the real world most
assetmanagersare forbidden from sellingany stock short, and in the modern world they
are typically measuredagainst the benchmark of an equity market index with �xed (or
infrequently rebalanced)weights. Fast and accurate quadratic optimization softwares
exist that can solve this problem | provided they are fed the right inputs, that is.

Estimating the covariancematrix of stock returns hasalways beenoneof the stickiest
points. The standard statistical method is to gather a history of past stock returns and
compute their samplecovariance matrix. Unfortunately this createsproblemsthat are
well documented (Jobson and Korkie, 1980). To put it as simply as possible, when
the number of stocks under considerationis large, especially relative to the number of
historical return observations available (which is the usual case),the samplecovariance
matrix is estimatedwith a lot of error. It implies that the mostextremecoe�cien ts in the
matrix thus estimated tend to take on extreme valuesnot becausethis is \the truth",
but becausethey contain an extreme amount of error. Invariably the mean-variance
optimization softwarewill latch onto them and placeits biggestbetson thosecoe�cien ts
which are the most extremely unreliable. Michaud (1989)calls this phenomenon\error-
maximization". It implies that managers'realizedtrack recordswill underrepresent their
true stock-picking abilities, which is clearly the last thing they want.

On the back of this, somecompaniessuch asAPT and BARRA have proposedpro-
prietary methods to generatecovariancematricesthat are advertized asbetter suited to
mean-varianceoptimization than the samplecovariancematrix. The drawbacks are that
any managerusing them establishesa costly and inde�nite dependenceon an external
entit y who doesnot sharein any downsiderisk, and that their proprietary methods are
not open for independent inspection and veri�cation, so one can never be sure what is
really going on behind the curtain.

This is why we proposea new formula for estimating the covariancematrix of stock
returns that can bene�cially replacethe samplecovariancematrix in any mean-variance
optimization application, and is absolutely free of charge and open to everybody. The
crux of the method is that thoseestimatedcoe�cien ts in the samplecovariancematrix
that are extremely high tend to contain a lot of positive error and thereforeneedto be
pulled downwards to compensatefor that. Similarly, we compensatefor the negative
error that tends to be embeddedinside extremely low estimated coe�cien ts by pulling
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them upwards. Wecall this the shrinkageof the extremestowardsthe center. If properly
implemented, this shrinkage would clearly �x the problem of the sample covariance
matrix described above. The key questionsare towards what target to shrink, and how
intensely? Our contributions are: (1) to provide a rigorous statistical answer to both
thesequestions;(2) to describe this below so the reader can decidefor him or herself
whether it makes sense;(3) to supply computer code that implements the resulting
mathematical formula; and �nally (4) to show that it yields signi�cant improvements on
actual stock return data.

Shrinkage is hardly a new and revolutionary concept in Statistics, although it cer-
tainly was when �rst introduced by ProfessorCharles Stein of Stanford University in
1955. An excellent non-technical primer on shrinkageusing real-life examplesof base-
ball batting averageswas written by Efron and Morris (1977). That this idea has not
yet percolated to a �eld where it would be most useful, portfolio management, is a
testimony that Chinesewalls still exist betweentheoretical and applied disciplineswho
would bene�t from talking to each other more. We endeavor to knock down thesewalls.
Early attempts to useshrinkagein portfolio selectionweremadeby Frost and Savarino
(1986) and Jorion (1986), but their particular shrinkage techniques broke down when
the number of stocks on the menu exceedsthe number of historical return observations,
which is very often the casein practice. Recently Jagannathanand Ma (2003) proved
that mean-varianceoptimizersare already implicitly applying someform of shrinkageto
the samplecovariancematrix when short salesare ruled out, and that this is generally
bene�cial in terms of improving weights stabilit y. All the more reasonthen to do it
explicitly so that the optimal shrinkageintensity can be applied, as in our paper. Much
of the foundationsfor the present work hasbeenlaid out by the authors in other papers
(Ledoit and Wolf, 2003,2004). Those were largely theoretical and general-interest ar-
ticles, whereasthe present one focusesspeci�cally on how to employ the technology to
add value to active portfolio management.

First we give a formal description of the portfolio optimization problem in order to
provide a solid basefor our later exposition. Having described our estimator, we then
look at its out-of-sampleperformance,using historical stock return data.

2 Formal Description of the Problem

Westudy the most relevant casefor equity portfolios. The benchmark is a weighted index
of a large number N of individual stocks, such asa value-weighted index. The universe
of stocks from which the portfolio managerselectsincludes all these stocks.1 Excess
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returns are de�ned relative to the chosenbenchmark. De�ne the following notations:

wB = vector of benchmark weights for the universeof N stocks

x = vector of active weights

wP = wB + x = vector of portfolio weights

y = vector of stock returns

� = E(y) = vector of expectedstock returns

� = � � w0
B � = vector of expectedstock excessreturns

� = covariancematrix of stock returns

We can write expectedreturns and variancesin vector/matrix notation as:

� B = w0
B � = expectedreturn on benchmark

� 2
B = w0

B � wB = varianceof benchmark return

� P = w0
P � = expectedreturn on portfolio

� 2
P = w0

P � wP = varianceof portfolio return

� E = x0� = expectedexcessreturn on portfolio

� 2
E = x0� x = tracking error variance

The portfolio selectionproblemis subject to the constraint that the portfolio be fully
invested, that is, the portfolio weights wP have to add up to unity. With 1 denoting
a conforming vector of ones,this can be written as w0

P 1 = 1. Becausethe benchmark
weights also add up to unity, the vector of portfolio deviations must up to zero, or
x01 = 0. Therefore, the portfolio of the managercan be viewed as a position in the
benchmark plus an active portfolio. The active portfolio is a long/short portfolio and
expressesthe viewsof the manager.Two immediate implications are:

� P = � B + � E

� 2
P = � 2

B + 2w0
B � x + � 2

E

While positions of the active portfolio are both positive and negative, the manager
doesnot have completefreedom. None of the portfolio weights wP can be negative, or
wP � 0, due to the long-only constraint. The resulting constraint x � � wB expresses
the limited freedomof the manager.Grinold and Kahn (2000,Chapter 15) illustrate how
this limitation cannegatively a�ect the performanceof the managedportfolio, especially
when the benchmark is a value-weighted index and when N is large. In addition, the
manageroften is faced with the constraint that the total position in any given stock
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cannot exceeda certain value, like 10%. If this upper bound is denoted by c, the
resulting constraint on the weights of the active portfolio is x � c1 � wB .

Having de�ned the various ingredients, we can now formalize the optimization prob-
lem of the manageras follows:2

Minimize: x0� x (1)

such that: x0� � g

x01 = 0

x � � wB

x � c1 � wB

Here g is the manager'starget gain (i.e., expectedexcessreturn) relative to the bench-
mark. A typical number is 300 basispoints (annualized). The managerchoosesg and
the upper limit c and also knows the current vector of benchmark weights wB . Sheis
now left to provide estimatesfor � , the vector of expected stock excessreturns, and
for �, the covariancematrix of stock returns. In a �nal step, all the inputs are fed into
a quadratic optimization software that will computex, the optimal weights of the active
portfolio. It is our missionto provide the managerwith a good estimator of �. We do
not help with the problem of how to estimate � .

3 Shrink age Estimator of the Covariance Matrix

3.1 Shrink age Principle

This sectionbrie
y describesthe shrinkageestimator for � which we propose;for a more
detailed exposition and relevant historical background the reader is referred to Ledoit
and Wolf (2003). We start with the samplecovariance matrix S. Its advantages are
easeof computation and the property of being unbiased(i.e., its expectedvalue is equal
to the true covariancematrix). Its main disadvantage is the fact that it contains a lot
of estimation error when the number of data points is of comparableor even smaller
order than the number of individual stocks; this is the common situation in �nancial
applications. Alternativ ely, one might consider an estimator with a lot of structure,
as the single-factor model of Sharpe (1963). Such estimators contain relatively little
estimation error but, on the other hand, tend to be misspeci�ed and can be severely
biased. In oneway or another, all successfulrisk models�nd a compromisebetweenthe
samplecovariancematrix and a highly structured estimator.

The industry standard are multi-factor models. The idea is to incorporate multiple
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factors instead of just the single factor of Sharpe (1963). Thereby the models become
more 
exible and their bias is reduced.But the estimation error increases.Finding the
optimal tradeo� by deciding on the nature and the number of the factors included in
the model is as much an art as it is a science. One approach is to usea combination
of industry factors and risk indices, with the total number of factors being on the order
of 50. An exampleis BARRA's U.S.Equity model. Another approach is to usestatistical
factors, such asprincipal components, with the total number of factorsbeingon the order
of 5. A commercialvendor o�ering risk modelsbasedon statistical factors is APT.

Our philosophy is di�erent. Consider the samplecovariancematrix S and a highly
structured estimator, denotedby F . We �nd a compromisebetween the two by com-
puting a convex linear combination � F + (1 � � )S, where� is a number between0 and 1.
This technique is called shrinkage, since the samplecovariance matrix is `shrunk' to-
wards the structured estimator. The number � is referredto asthe shrinkageconstant.3

Intuitiv ely, it measuresthe weight that is given to the structured estimator. Shrinkage
estimators have a long and successfulhistory in statistics. The beauty of the principle
is that by properly combining two `extreme' estimators one can obtain a `compromise'
estimator that performsbetter than either extreme. To make a somewhatsloppy anal-
ogy: most peoplewould be prefer the `compromise'of one bottle of Bordeaux and one
steak to either `extreme' of two bottles of Bordeaux (and no steak) or two steaks(and
no Bordeaux).

Any shrinkage estimator has three ingredients: An estimator with no structure,
an estimator with a lot of structure, and a shrinkageconstant. The estimator without
structure is generallyquite obvious, given the context. For us it is the samplecovariance
matrix. Lessobvious are the choiceof the structured estimator, or shrinkagetarget, and
the shrinkageconstant.

3.2 Shrink age Target

The shrinkagetarget should ful�ll two requirements at the sametime: it involvesonly a
small number of freeparameters(that is, a lot of structure) but it alsore
ects important
characteristicsof the unknown quantit y beingestimated. Ledoit and Wolf (2003)suggest
the single-factormatrix of Sharpe (1963)asthe shrinkagetarget. In this paper we make
a di�erent suggestion:the constant correlation model. In our experience,it givescom-
parableperformancebut is easierto implement. The model says that all the (pairwise)
correlationsare identical.4 The estimation of the model is straightforward. The average
of all the samplecorrelationsis the estimator of the commonconstant correlation. This
number together with the vector of samplevariancesimplies our shrinkage target, de-
noted by F in the remainderof the paper. A formal description of the shrinkagetarget
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is provided in Appendix A; in particular, seeequation (3).

3.3 Shrink age Constan t

The obvious practical problem is which value to choosefor the shrinkageconstant. Any
choice of � strictly between0 and 1 would yield a compromisebetweenS and F . But
this results in in�nitely many possibilities. Intuitiv ely, there is an `optimal' shrinkage
constant. It is the one that minimizes the expected distance between the shrinkage
estimator and the true covariance matrix. Call this number � � . Appendix B derives
a formula for estimating � � . The estimated optimal shrinkage constant is denoted �̂ � ;
seeequation (5) in Appendix B. Our operational shrinkageestimator of the covariance
matrix � is now ready for use5:

�̂ Shr ink = �̂ � F + (1 � �̂ � )S (2)

4 Empirical Study

Wenow study the out-of-sampleperformanceof our shrinkageestimator, usinghistorical
stock market data. DataStream provides monthly U.S. stock data. We usethesedata
to construct several value-weighted indices to serve as our benchmarks. Starting in
February 1983, the methodology is as follows. At the beginning of each month, we
select the N largest stocks as measuredby their market value. The market valuesof
the stocks de�ne their index weight. At the end of the month, we observe the (real)
returns of the individual stocks and, given their weights, compute the return on the
index. This prescription is repeatedevery month until the endof December 2002. Thus,
the constituents list and the index weights are constantly updated.

As far as the benchmark sizeN is concerned,we employ N = 30; 50; 100; 225; 500.
This range covers such important benchmarks as DJIA, Xetra DAX, DJ STOXX 50,
FTSE 100,NASDAQ-100,NIKKEI 225,and S&P 500. Summarystatistics of the various
benchmark returns are provided in Table 1.

To mimic a skilled active manager,we �rst construct raw forecastsof the expected
excessreturns by adding random noise to the realized excessreturns. In a second
step, theseraw forecastsare transformed into re�ned forecasts�̂ which are fed to the
quadratic optimizer. This is done in a way such that the unconstrainedannualized ex
ante information ratio (IR) is approximately equal to 1.5, independently of the value of
the benchmark sizeN . The unconstrainedIR could be attained by a managerwho did
not face any lower or upper bound constraints on the weight vector x and who knew
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the exact nature of the covariancematrix � of stock returns. The details of the forecast
construction are described in Appendix C.

A risk model is evaluated by its out-of-sampleperformance.

Evaluation Algorithm:

� At the beginning of each month feed the following ingredients to the quadratic
optimizer: the benchmark weights wB , the forecastedexpected excessreturns �̂ ,
the estimated covariance matrix �̂, the desired gain g, and an upper bound of
c = 0:1 on the total weight of any stock.

� To computean estimate �̂, we usethe last T = 60 monthly returns of the current
constituents list of stocks.

� The quadratic optimizer computesa weight vector x.

� At the end of the month, the realizedexcessreturn is given by e = x0y, wherey is
the vector of stock returns for the month.

� The out-of-sampleperiod rangesfrom 02/1983 until 12/2002, so a total of 239
monthly realizedexcessreturns are obtained.

� From the excessreturns we compute the (annualized) ex post information ratio asp
12�e=se, where �e is the sampleaverageof the excessreturns and se is the sample

standard deviation of the excessreturns.

� Sincethe resultsdepend on the monthly forecasts�̂ , which are random, we repeat
this process50 times and then report mean-summarystatistics.

� For the (annualized) gain, we use300basispoints.

Apart from our shrinkage estimator, we include the samplecovariance matrix, the
shrinkageestimator of Ledoit and Wolf (2003), and a multi-factor risk model basedon
statistical factors in our study.

The samplecovariancematrix is widely-known and very easyto compute. Basedon
the recent paper by Jagannathanand Ma (2003),a portfolio managerfacing a long-only
constraint might hope that it yields reasonableperformance.

Ledoit andWolf (2003)suggestthe single-factormodel of Sharpe(1963)asthe shrink-
agetarget, insteadof the constant correlation covariancematrix aswe do in this paper.

Multi-factor models are the industry standard for the estimation of the covariance
matrix. Statistical factors, asopposedto macroeconomicand fundamental factors, have
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the advantagethat they canbecomputedfrom past stock returns alone.6 The statistical
factorswe usearethe �rst �v eprincipal components, asin Connorand Korajczyk (1993)
and Connor (1995).

Mean-summarystatistics for the realized excessreturns are presented in Table 2.
Comparing the shrinkageestimator proposedin this paper (Shrink-CC) to the sample
covariancematrix (Sample), the results can be highlighted as follows.

� In all scenarios,the shrinkageestimator yields the highest (average)information
ratio.

� In most scenarios,the shrinkageestimator yieldsthe highest(average)meanexcess
return.

� In all scenarios,the shrinkageestimator yields the lowest (average)standard devi-
ation of excessreturn.

� The (average)information ratio decreasesas the benchmark sizeN increases.7

Figure 1 shows boxplots of the realizedinformation ratios for the samplecovariance
matrix and the shrinkageestimator proposedin this paper over the 50repetitions for the
variousscenarios.The messageis identical to the oneof Table 2: (i) shrinkageimproves
on the samplecovariancematrix; (ii) realizedinformation ratios tend to decreaseas N
increases.The plots alsoshow considerablevariation in the realizedinformation ratios.
In addition to having good forecastingskill and using a good risk model, the successful
active managercan bene�t from a bit of good luck.

Next, we comparethe shrinkageestimator proposedin this paper (Shrink-CC) to the
other methods included in the study. The single-factor shrinkage estimator proposed
by Ledoit and Wolf (2003) is denoted by Shrink-SF and the 5 principal components
covariancematrix estimator is denotedby PC-5. Shrink-CC doessomewhatbetter than
Shrink-SF for N � 100and is somewhatworsefor N � 225. Shrink-CC doessomewhat
better than PC-5 for N � 50 and is comparableto PC-5 for N � 100.

Table3 presents mean-summarystatistics on the averagemonthly turnover. Turnover
is de�ned as the total turnover of Grinold and Kahn (2000,Chapter 16) Note that this
de�nition corresponds to updating the entire portfolio, not just the active portfolio.
A part of the turnover, therefore, is due to the constituents list of the benchmark and
their weights, both of which changeover time. In general,the turnover is too high to
be attractiv e for an active manager. But no e�ort was made to limit turnover, and a
constraint to this e�ect could beeasilyaddedto the quadratic optimization problem(1).
The important messageto take away from Table 3 is that the samplecovariancematrix
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results in the highest turnover always. The other three methods are comparableto one
another.

We �nish this sectionwith two remarks.

Remark 1 Many active managersface further constraints, apart from the long-only
constraint and an upper bound on the weight of any given stock. Examplesare market-
cap-neutralconstraints, turnover constraints, and dividend-yield neutrality with respect
to the benchmark. Adding further constraints generallyreducesthe ex post information
ratio; seeClarke et al. (2002). Nevertheless,the managerwill still bene�t from using a
superior risk model.

Remark 2 It is by now well-understood that tracking-error e�cien t portfolios are not
mean-variancee�cien t: The tracking-error e�cien t frontier is shifted below and to the
right comparedto the mean-variance e�cien t frontier. For example, seeRoll (1992),
Wilcox (1994), and Scherer (2002, Chapter 6). Jorion (2003) shows that adding a
constraint on the total portfolio variance, � 2

P = w0
P � wp, to the quadratic optimization

problem(1) improvesthe mean-variancee�ciency of the managedportfolio.8 Obviously,
the additional constraint requiresan estimate of � in practice and thereforea superior
risk model will again be bene�cial to the manager.

5 Conclusion

This paper proposesa risk model that dominates the traditional one, the sampleco-
variancematrix, for the purposeof mean-varianceoptimization in the context of active
portfolio management. We claim that, given the well-documented 
a ws of the sample
covariancematrix, nobody shouldbe using it anymorenow that an enhancedalternative
is available. Using the simple modi�cation we proposesubstantially increasesthe real-
ized information ratio of the portfolio manager.For example,when an annual expected
excessreturn of 300basispoints over the benchmark is speci�ed, a typical increaseis on
the order of 50%. Computer code in the Matlab programming languageimplementing
this improved estimator is freely downloadablefrom http://www.ledoit.net . Portfolio
management �rms that are sophisticatedenoughto employ a mean-varianceoptimiza-
tion software would have the expertise required to implement our simple formulas in
any computer language. All typesof portfolio optimization procedures,even advanced
onessuch as the resamplede�cien t frontier9, would bene�t from shrinking the sample
covariancematrix. The intuitiv e justi�cation for this statistical transformation is pru-
dence: not betting the ranch on noisy coe�cien ts that are too extreme. We hope that
the professioncan �nd value in our proposal.
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Notes
1The problem can be generalizedto the setting where the universecontains further

stocks not contained in the benchmark. However, to keep transaction costsdown, the
more generalsetting is of limited practical interest.

2Jorion (2003) considersthe problem of maximizing x0� subject to an upper bound
on the tracking error variance x0� x. Grinold and Kahn (2000) consider the problem
of maximizing x0� � � x0� x, where � is a risk-aversion constant. Theseare equivalent
problem formulations, leading to the samefrontier in risk-return space.

3Ledoit and Wolf (2003) denote the shrinkage constant by � . We switch to the
symbol � in this paper to avoid confusionwith expectedexcessreturns.

4The constant correlation model would not be appropriate if the assetscamefrom
di�erent assetclasses, such asstocks and bonds. But in such casesmoregeneralmodels
for the shrinkagetarget are available.

5An additional advantageof our srhinkageestimator is that it is always positive de�-
nite. When the sizeof the benchmark N exceedsthe number of past returns usedin the
estimation process,the samplecovariancematrix S is singular. This would imply that
threre exist stock portfolios with zerorisk. On the other hand, our shinkageestimator is
a convex combination of an estimator that is positive de�nite (the shrinkagetarget F )
and an estimator that is positive semi-de�nite (the samplecovariancematrix S). It is
thereforepositive de�nite.

6Nevertheless,multi-factor modelsbasedon statistical factors requiremoreprogram-
ming e�ort than our shrinkageestimator. First, oneneedssoftwareto extract the factors,
such asprincipal components, from the data. Second,varioustime seriesregressionshave
to be run to estimate the factor loadings, residual variances,etc.. Third, the various
pieceshave to be put together to arrive at the estimator of the covariancematrix.

7Grinold and Kahn (2000,Chapter 15) explain why this happens. In caseN is very
large, a manageris probably ill-advised to actively invest in all the stocks making up
the index. The realizedinformation ration canbe improved by, for example,focusingon
the 50 or 100 largest stocks in the index and setting the weights of the remaining ones
equal to zero.

8A related idea already appearsin Wilcox (1994).

9Future research will focus on the e�ectivenessof resamplingmethods in the spirit
of Michaud (1998), either by themselves or combined with shrinkage,comparedto the
shrinkagemethod proposedin this paper.
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A Form ula for Shrink age Target

Somenotation is needed. Let yit , 1 � i � N; 1 � t � T, denote the return on stock i
during period t. Our analysisassumesthat stock returns are independent and identically
distributed (iid) over time and have �nite fourth moments. The sampleaverageof the
returns of stock i is given by �yi � = T � 1 P T

t=1 yit . Let � denotethe population (or true)
covariancematrix and let S denotethe samplecovariancematrix. Typical entries of the
matrices � and S are denotedby � ij and sij , respectively.

The population and samplecorrelations between the returns on stocks i and j are
given by

%ij =
� ij

p � ii � j j
and r ij =

sij
p sii sj j

The averagepopulation and samplecorrelationsare given by

�%=
2

(N � 1)N

N � 1X

i =1

NX

j = i +1

%ij and �r =
2

(N � 1)N

N � 1X

i =1

NX

j = i +1

r ij

De�ne the population constant correlation matrix � by meansof the population vari-
ancesand the averagepopulation correlation:

� ii = � ii and � ij = �%
p

� ii � j j

Correspondingly, de�ne the sampleconstant correlationmatrix F by meansof the sample
variancesand the averagesamplecorrelation:

f ii = sii and f ij = �r
p

sii sj j (3)

This matrix F is the shrinkagetarget introducedin Subsection3.2.

B Form ula for Shrink age In tensit y

We have to choosethe objective accordingto which the shrinkageintensity � is optimal.
All existing shrinkageestimators from �nite-sample statistical decisiontheory and also
the oneof Frost andSavarino (1986)breakdown whenN � T becausetheir lossfunctions
involve the inverseof the covariance matrix. Instead, we proposea loss function that
doesnot dependon this inverseand is very intuitiv e: it is a quadratic measureof distance
betweenthe true and the estimated covariancematrices basedon the Frobeniusnorm.
The Frobenius norm of the N � N symmetric matrix Z with entries (zij ) i;j =1 ;:::;N is
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de�ned by

kZk2 =
NX

i =1

NX

j =1

z2
ij

By consideringthe Frobenius norm of the di�erence between the shrinkage estimator
and the true covariancematrix, we arrive at the following quadratic lossfunction:

L( � ) = k� F + (1 � � ) S � � k2

The goal is to �nd the shrinkageconstant � which minimizes the expected value of
this loss,that is, the risk:

R(� ) = E(L( � )) = E
�
k� F + (1 � � ) S � � k2�

(4)

Under the assumptionthat N is �xed while T tends to in�nit y, Ledoit and Wolf (2003)
prove that the optimal value � � asymptotically behaves like a constant over T (up to
higher-orderterms). This constant, called � , can be written as

� =
� � �




Here, � denotesthe sum of asymptotic variancesof the entries of the samplecovari-
ancematrix scaledby

p
T: � =

P N
i=1

P N
j =1 AsyVar

hp
Tsij

i
. Similarly, � denotesthe

sum of asymptotic covariancesof the entries of the shrinkagetarget with the entries of
the samplecovariance matrix scaledby

p
T: � =

P N
i=1

P N
j =1 AsyCov

hp
Tf ij ;

p
Tsij

i
.

Finally, 
 measuresthe misspeci�cation of the (population) shrinkage target: 
 =
P N

i=1

P N
j =1 (� ij � � ij )2.

If � were known, we could use�=T as the shrinkageintensity in practice. Unfortu-
nately, � is unknown, so we �nd a consistent estimator for � . This is done by �nding
consistent estimators for the three ingredients � , � , and 
 .

First, a consistent estimator for � is

�̂ =
NX

i =1

NX

j =1

�̂ ij with �̂ ij =
1
T

TX

t=1

f (yit � �yi �)(yj t � �yj �) � sij g2

This result is proven by Ledoit and Wolf (2003).

Second,a consistent estimator for � is a bit tediousto write down but quite straight-
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forward to implement. By de�nition

� =
NX

i =1

NX

j =1

AsyCov
hp

Tf ij ;
p

Tsij

i

=
NX

i =1

AsyVar
hp

Tsii

i
+

NX

i =1

NX

j =1 ;j 6= i

AsyCov
hp

T �r
p

sii sj j ;
p

Tsij

i

On the diagonal,we know from Ledoit and Wolf (2003) again that

AsyVar
hp

Tsii

i
= �̂ ii =

1
T

TX

t=1

�
(yit � �yi �)2 � sii

	 2

On the o�-diagonal, we have

AsyCov
hp

T �r
p

sii sj j ;
p

Tsij

i

Since the estimation error in �r is asymptotically negligible and by use of the delta-
method, any term AsyCov

hp
T �r

p
sii sj j ;

p
Tsij

i
can be consistently estimatedby

�r
2

� r
sj j

sii
AsyCov

hp
Tsii ;

p
Tsij

i
+

r
sii

sj j
AsyCov

hp
Tsj j ;

p
Tsij

i �

Standard theory implies that a consistent estimator for AsyCov
hp

Tsii ;
p

Tsij

i
is given

by

#̂ii;ij =
1
T

TX

t=1

�
(yit � �yi �)2 � sii

	
f (yit � �yi �)(yj t � �yj �) � sij g

and that, analogously, a consistent estimator for AsyCov
hp

Tsj j ;
p

Tsij

i
is given by

#̂j j;ij =
1
T

TX

t=1

�
(yj t � �yj �)2 � sj j

	
f (yit � �yi �)(yj t � �yj �) � sij g

Collecting terms now yields a consistent estimator for � :

�̂ =
NX

i =1

�̂ ii +
NX

i =1

NX

j =1 ;j 6= i

�r
2

� r
sj j

sii
#̂ii;ij +

r
sii

sj j
#̂j j;ij

�
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Third, a consistent estimator for 
 is


̂ =
NX

i =1

NX

j =1

(f ij � sij )2

This result followsfrom f ij and sij beingconsistent estimatorsof � ij and � ij , respectively.

Putting the piecestogether yields a consistent estimator for � :

�̂ =
�̂ � �̂


̂

Finally, the estimatedshrinkageintensity we proposefor usein practice is:

�̂ � = max
�

0; min
�

�̂
T

; 1
� �

(5)

The reasonfor this formula is the following. Although very unlikely, in principle it can
happen in �nite samplethat �̂=T < 0 or that �̂=T > 1, in which casewe simply truncate
it at 0 or at 1, respectively.

C Forecasting Exp ected Excess Returns

We want to mimic a skilled active manager. To do this, we rely on hindsight and
the forecastprinciples laid out in Grinold and Kahn (2000, Chapters 6 and 10). Our
description is necessarilybrief and the readeris referredto this book for further details.

Let eit denotethe excessreturn of stock i during period t, that is, the return on the
stock minus the benchmark return. In a �rst step, we generateraw forecastsby adding
noiseto the realizedexcessreturns:

r awit = eit + uit

The noiseterms uit arenormally distributed with meanzeroand are independent of each
other both cross-sectionallyand over time. For a given stock, the ex ante correlation
betweeneit and uit over time is known as the information coe�cien t (IC). In principal,
the IC could depend on i but, as is common, we choosea coe�cien t constant across
stocks. Which is an appropriate value for IC? In the absenceof constraints on the active
manager(apart from being fully invested), the well-known Fundamental Law of Active
Management statesthat the exante information ratio (IR) of the manageris determined
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by the IC and the breadth of the strategy:

IR � IC �
p

Breadth

The breadth term measuresthe number of independent active `bets' the managermakes
in one year. Since in our study the portfolio will be updated every month and, by
construction, the forecastsare independent of each other, we have

Breadth = 12� N

Therefore,the IC is determinedby the sizeof the benchmark, N , and the desiredexante
information ratio, IR, which we �x at 1.5. Putting the various piecestogether yields

IC = 1:5=
p

12� N

To give three examples,N = 30 yields IC = 0.0791,N = 100 yields IC = 0.0433,and
N = 500yields IC = 0.0194.

In a secondstep, the raw forecastsfor each stock areconverted to scoresby subtract-
ing their samplemean,rawi �, and dividing by their samplestandard deviation, sr aw;i .

scoreit =
rawit � r awi �

sr aw;i

In a third and �nal step, the scoresare transformed into re�ned forecasts using the
relationship

Alpha = Volatilit y � IC � Score

Here, volatilit y refers to the excessreturn of a given stock. We estimate this by the
samplestandard deviation of the realized excessreturns eit over time. Denoting this
standard deviation by se;i , the formula for the �nal step is

�̂ it = se;i � I C � scoreit

Note that the ex post information ratio of an active managerwill in generalnot be
equalto the exante valueof 1.5. This is because(i) the manageris bound by constraints
(such as a long-only constraint and upper limits on the portfolio weight of each stock);
(ii) the managerhas to estimate � in practice; (iii) due to the randomnessof the uit ,
the ex post correlation betweenbetweeneit and uit over time will not be equal to IC.
The �rst two facts have a negative e�ect on the ex post information ratio. The third
fact can go either way. It is thereforepossiblein practice, though not very likely, that
the ex post information ratio is higher than the ex ante valueof 1.5. To smooth out the
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inherent randomnessin the realizedinformation ratios, we repeat the forecastingprocess
50 times in our empirical study of Section4 and then report mean-summaries.
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D Tables and Figures

Table1: Summary Statistics of Benchmark Returns. This table presents summary
statistics for monthly real returns of several value-weighted benchmark indices. The data
range from 02/1983 until 12/2002, yielding 239 returns. The sizeof the benchmark is
denotedby N . All numbers are annualized.

N = 30 N = 50 N = 100 N = 225 N = 500

Mean 13.63 13.50 13.29 13.45 13.42
Standard Deviation 15.12 15.02 14.76 14.56 14.52
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Table 2: Mean-Summary Statistics for Excess Returns with Gain = 300 bp
This table presents ex post information ratios, means,and standard deviations of real-
ized excessreturns. The gain (i.e., the expected excessreturn) was �xed at 300 basis
points. The out-of-sampleperiod is 02/1983until 12/2002,yielding 239monthly excess
returns. The sizeof the benchmark is denotedby N . `Sample'denotesthe samplecovari-
ancematrix; `Shrink-CC' denotesour shrinkageestimator (2); `Shrink-SF' denotesthe
shrinkageestimator of Ledoit and Wolf (2003); `PC-5' denotesthe estimator basedon
the �rst �v e principal components. The resultsare mean-summariesover 50 repetitions.
All numbers are annualized.

IR Mean SD

N = 30
Sample 0.97 2.18 2.26
Shrink-CC 1.24 2.50 2.03
Shrink-SF 1.18 2.39 2.04
PC-5 1.17 2.45 2.10

N = 50
Sample 0.79 1.92 2.44
Shrink-CC 1.14 2.21 1.95
Shrink-SF 1.08 2.13 1.98
PC-5 1.11 2.18 1.96

N = 100
Sample 0.59 1.71 2.93
Shrink-CC 0.91 1.87 2.06
Shrink-SF 0.89 1.86 2.10
PC-5 0.91 1.87 2.07

N = 225
Sample 0.37 2.37 6.45
Shrink-CC 0.54 2.53 4.97
Shrink-SF 0.57 2.37 4.30
PC-5 0.55 2.42 4.46

N = 500
Sample 0.20 1.92 8.53
Shrink-CC 0.30 1.82 5.77
Shrink-SF 0.33 1.74 5.13
PC-5 0.31 1.59 5.05
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Table 3: Mean-Summary Statistics for Av erage Mon thly Turno ver This table
presents averagemonthly turnovers for various strategies. The gain (i.e., the expected
excessreturn) was �xed at 300basispoints. The out-of-sampleperiod is 02/1983 until
12/2002,yielding 239monthly portfolio updates. The sizeof the benchmark is denoted
by N . `Sample'denotesthe samplecovariancematrix; `Shrink-CC' denotesour shrinkage
estimator (2); `Shrink-SF' denotesthe shrinkageestimator of Ledoit and Wolf (2003);
`PC-5' denotesthe estimator basedon the �rst �v e principal components. The results
are mean-summariesover 50 repetitions.

N = 30 N = 50 N = 100 N = 225 N = 500
Sample 0.39 0.50 0.66 0.80 0.85
Shrink-CC 0.33 0.39 0.50 0.65 0.75
Shrink-SF 0.34 0.41 0.52 0.66 0.76
PC-5 0.33 0.39 0.50 0.64 0.73
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Realized Information Ratios; Gain = 300bp

Figure 1: Boxplots of the realizedinformation ratios with a gain of 300basispoints. For
any given index sizeN , the �rst boxplot corresponds to the samplecovariancematrix
and the secondone corresponds to the shrinkageestimator (2). The plots show the 50
repetitions which gave rise to the mean-summariesin Table 2.
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